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I
n recent years, vibrational excitations
of single molecules have been mea-
sured in the inelastic tunneling regime

with scanning tunneling microscopes (ST-
Ms),1 in mechanical breakjunctions
(MBJs),2,3 and in the sequential tunneling
regime (SET) with electromigrated break-
junctions (EBJs).4–6 Measurements in EBJs
on an oligophenylenevinylene derivative by
Osorio et al.7 reveal a vibrational spectrum
of 17 excitations in the sequential tunneling
regime (see Figure 5a). It has been shown
that these modes are consistent with Ra-
man (above 15 meV) and infrared (above
50 meV) spectroscopy data. However, the
Raman and IR data show more peaks than
are observed in the transport measurement.
Moreover, the Raman and IR measure-
ments were performed on polycrystalline
samples and KBr pellets, respectively, which
do not reflect the conditions of the mol-
ecule in the junction.

Theoretical investigations on vibrational
excitations in the SET regime have so far
mainly concentrated on small systems with
only one vibrational mode.8–13 Chang et
al.14 use density functional theory (DFT) cal-
culations on the C72 fullerene dimer to cal-
culate all vibrational modes, restricting
themselves to transitions from the ground
state in one charge state to the vibrational
excited state of the other charge state. We
have developed a computationally efficient
method to calculate the vibrational spec-
trum of a sizable molecule in the sequen-
tial tunneling regime, based on first prin-
ciples DFT calculations to obtain the
vibrational modes in a three-terminal setup.
This method takes the charge state and
contact geometry of the molecule into ac-
count and predicts the relative intensities of
vibrational excitations. In addition, transi-
tions from excited to excited vibrational

state are accounted for by evaluating the
Franck�Condon factors involving several
vibrational quanta. Our method can there-
fore predict qualitatively different behavior
compared to calculations that only include
transitions from ground state to excited vi-
brational state.13

A schematic picture of a gateable elec-
tromigrated breakjunction containing a
single molecule is shown in Figure 1a. The
couplings to the leads are given by �L and
�R. In the weak coupling limit, �L, �R, kT ��

�E, EC, the level spacing (�E) and charging
energy (EC) of the molecule allow only one
electron to tunnel onto the molecule at a
time (sequential tunneling). The transport
mechanism for this case is shown in Figure
1b. While tunneling on or off a molecule, an
electron can excite a vibrational mode,
which may show up as a line running paral-
lel to the diamond edges in the stability dia-
gram (a plot of the conductance as a

*Address correspondence to
h.s.j.vanderzant@tudelft.nl.

Received for review March 20, 2008
and accepted June 03, 2008.

Published online June 21, 2008.
10.1021/nn800170h CCC: $40.75

© 2008 American Chemical Society

ABSTRACT In bulk systems, molecules are routinely identified by their vibrational spectrum using Raman or

infrared spectroscopy. In recent years, vibrational excitation lines have been observed in low-temperature

conductance measurements on single-molecule junctions, and they can provide a similar means of identification.

We present a method to efficiently calculate these excitation lines in weakly coupled, gateable single-molecule

junctions, using a combination of ab initio density functional theory and rate equations. Our method takes

transitions from excited to excited vibrational state into account by evaluating the Franck�Condon factors for

an arbitrary number of vibrational quanta and is therefore able to predict qualitatively different behavior from

calculations limited to transitions from ground state to excited vibrational state. We find that the vibrational

spectrum is sensitive to the molecular contact geometry and the charge state, and that it is generally necessary

to take more than one vibrational quantum into account. Quantitative comparison to previously reported

measurements on �-conjugated molecules reveals that our method is able to characterize the vibrational

excitations and can be used to identify single molecules in a junction. The method is computationally feasible on

commodity hardware.

KEYWORDS: single-molecule junction · three-terminal transport · Coulomb
blockade · vibrational modes · rate equations · Franck�Condon factors · density
functional theory
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function of bias and gate voltage).15 In this paper, we

calculate such stability diagrams with a rate equation

approach and present a comparison with experimental

results.

RESULTS AND DISCUSSION
We have applied our rate equation

method to three molecules with increas-
ing length: benzenedithiol (see Figures 2
and 3), the oligophenylenevinylene de-
rivative OPV-3 (see Figure 4), and OPV-5
(see Figure 5). All vibrational mode calcu-
lations are carried out using the Amster-
dam density functional code16,17 with the
Analytical Second Derivatives module.18

As a first example, we present our re-
sults for benzenedithiol adsorbed on gold.
This example is used in order to demon-
strate our method. In experiments, this
system is generally not weakly coupled.
We test the method by studying the influ-
ence of the number of vibrational quanta,
the charge state, and the presence of
gold contacts on the stability diagrams.
The stability diagrams are calculated with
a symmetric coupling to the leads of 1
meV, a bias (�) and gate (�) coupling of

0.5, and a temperature of 1.6 K. The resulting stability

diagram for the �1 ¡ 0 transition in bare benzene-

dithiol with one vibrational quantum is shown in Fig-

ure 2a. Of the 25 vibrational modes with energies

Figure 1. (a) Schematic picture of a gateable junction containing a single molecule capaci-
tively coupled to the left (CL), right (CR), and gate (CG) electrode. (b) Transport mechanism in
the sequential tunneling regime. The distribution of the bias voltage over the leads is given
by � � (CR � 1/2CG)/(CL � CR � CG) and the gate coupling by � � CG/(CL � CR � CG).21

Figure 2. Calculated stability diagrams of the �1 ¡ 0 (a�c) and 0 ¡ �1 (d) transitions in benzenedithiol with increasing
number of vibrational quanta. The arrows point to the main differences between the diagrams (see text). Since the calcula-
tion is symmetric in the bias voltage, they are only shown for positive bias.
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below 200 meV, 8 excitation lines are visible belonging

to the �1 state and 7 belonging to the neutral state. For

both states, there are three excitation lines that do not

continue all the way to the diamond edge but stop at

the strong line at 43 meV.

Taking two vibrational quanta into account (see Fig-

ure 2b) reveals two new excitation lines for the neutral

state, a strong line at 86 meV and a weak line at 180

meV (see the white arrows). Taking one more quan-

tum into account (see Figure 2c) adds a weak excita-

tion line for the neutral charge state at 129 meV, again

indicated by a white arrow. For the 0 ¡ �1 transition

(Figure 2d), small changes are found. The arrows point

to excitation lines that are absent in Figure 2c. Com-

pared to that diagram, the higher energy excitations

(above 100 meV) have shifted by several millielectron-

volts.

In a junction, the molecule is bonded to the gold

contacts. We have modeled this by adding two gold at-

oms on either side of the molecule. The resulting stabil-

ity diagrams (with l � 2) are shown in Figure 3. These

diagrams are quite different from those of the same

charge state transitions in Figure 2c,d. Depending on

the charge state, five to eight excitations are visible be-

low 75 meV, but no higher modes are observed. The

electron�phonon couplings for the neutral charge

state in the transition of Figure 3a are shown in Figure

7a. Two modes have a large electron�phonon cou-

pling (with coupling strengths larger than 1), showing

that it is necessary for this system to take more than one

vibrational quantum into account.13

The calculations show that only a few of the 30 vi-

brational modes of benzenedithiol are expected to be

visible in transport measurements, and that they are de-

pendent on the charge state and sensitive to the con-

tact geometry. For some modes in this molecule, it is

necessary to take more than one vibrational quantum

into account. For example, the modes at 86 meV (for l �

2) and 129 meV (for l � 3) are probably higher harmon-

ics of the strong excitation at 43 meV. The fact that sev-

eral other lines stop at this excitation shows that it is

also necessary to take the Franck�Condon factors for

excited vibrational state to excited vibrational state into

account.

The second molecule for which we have calculated

the vibrational spectrum is OPV-3. As with benzene-

dithiol, the gold contacts are simulated by adding two

gold atoms on either side of the molecule. The results for

two charge state transitions with gold and one without

are shown in Figure 4. The calculations take two vibra-

tional quanta into account. Comparing the calculations

to those on benzenedithiol indicates that OPV-3 is less

sensitive to the contact geometry. OPV-3 without gold

has more modes at lower energies than benzenedithiol,

Figure 3. Calculated stability diagrams of the �1 ¡ 0 (a) and 0 ¡ �1 (b) transition in benzenedithiol with two gold atoms
on either side to simulate the leads. Two vibrational quanta are taken into account.

Figure 4. Calculated stability diagrams for OPV-3 with (a and b) and without (c) gold for two charge state transitions. The
calculations take two vibrational quanta into account.
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and the modes at higher energies are much less sup-
pressed when the two gold atoms are added. Also, the
electron�phonon couplings for OPV-3 are smaller than
for benzenedithiol (see Figure 7b). These trends are not
unexpected since OPV-3 is a larger molecule and the at-
oms will on average be further away from the leads, lead-
ing to a smaller sensitivity to the contact geometry. Also,
since OPV-3 is conjugated, an extra electron will be delo-
calized over the entire molecule, and the atomic displace-
ments will be smaller, resulting in a smaller
electron�phonon coupling. In the case of OPV-3,we
have performed several calculations with different con-
tact geometries. We find that adding up to 19 gold atoms
on either side of the molecule has no significant effect
on the vibrational modes above 20 meV.31

The calculated stability diagram of the third mol-
ecule, OPV-5, is shown in Figure 5b. The temperature
and coupling parameters of the calculation are chosen
to be the same as in the experiment (Figure 5a). Al-
though we are unable to determine the charge states
in the measurement, the fact that the degeneracy point
is the first at a negative gate voltage suggests a �1 ¡

0 transition (see also Figure 3 in ref 7). In the calculation,
the nonconjugated dodecane side arms of the mea-
sured molecule are omitted. These arms are not ex-
pected to influence the electronic transport and will
most likely only affect the low-energy vibrational
modes. As with benzenedithiol, the contacts are mod-
eled by adding two gold atoms on either side of the
molecule. The calculation takes one vibrational quan-
tum into account.

Figure 6 shows a dI/dV trace along the diamond
edge of the neutral charge state in Figure 5b. How-
ever, since this is a smaller calculation, three vibrational
quanta can be taken into account. The peaks in this fig-
ure correspond to the excitation lines in the calculated
stability diagram. In the experimental stability diagram,
a background conductance makes it difficult to resolve

all excitation lines at the same color scale, but close in-
spection reveals 17 modes in the energy range below
125 meV (see Figure 6 and Table 1 in ref 7). The ener-
gies of the excitations in the measurement are deter-
mined from the bias voltage at which they cross the dia-
mond edge. Broadening due to the temperature and
the leads introduces an uncertainty, indicated by the
horizontal bars in Figure 6.

Figure 6 reveals a close match between the experi-
ment and the calculation for the modes between 10
and 80 meV. The calculation shows several small peaks
in this range not observed in the measurement. It
should be noted that, in the rate equation approach,
broadening of excitation lines is solely due to tempera-
ture. Broadening due to the couplings to the leads is
not accounted for. Calculations which do take this
broadening into account show that these small peaks
are smeared out, and the calculation and measurement
show the same number of peaks in the aforemen-
tioned range.

Figure 5. (a) Measured stability diagram of a junction containing OPV-5.7 (b) Calculated stability diagram of an OPV-5 mol-
ecule with one vibrational quantum. (c) The configuration of the OPV-5 molecule in the calculations. The dodecane side arms
of the measured molecule (see Figure 1a in ref 7) are omitted, and two gold atoms are added on either side to simulate the
leads.

Figure 6. Calculated dI/dV trace of the diamond edge of
the neutral charge state in Figure 5b, taking three vibra-
tional quanta into account. The inset shows the same cal-
culations, but with the gold atoms omitted. All mea-
sured excitations in this energy range (see Figure 5a)
are shown. The uncertainties in the measured energies
are indicated by the horizontal bars.
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The inset in Figure 6 shows the same calculation,
but with the gold atoms omitted. Comparison with the
measurement shows a large discrepancy for excitations
below 50 meV. It is clear from this figure that the addi-
tion of two gold atoms on either side of the molecule
can already account for most of the influence of the
contact geometry on modes above 10 meV. The charg-
ing energy of an OPV-5 molecule in a junction is an or-
der of magnitude smaller than the difference between
the ionization energy and electron affinity of the mol-
ecule in the gas phase,19 probably due to screening in
the leads. While this effect changes the energies of the
orbitals, the shape of the orbitals and therefore the elec-
tron density will remain relatively unaffected. Since the
Franck�Condon factors primarily depend on the differ-
ence in electron density between different charge
states, we have chosen not to take image charges into
account in the calculations.

While this effect changes the energies of the orbit-
als, the shape of the orbitals, and therefore the elec-
tron density, on which the Franck�Condon factors pri-
marily depend, will remain relatively unaffected, and we
have chosen not to take image charges into account
in the calculations.

The omission of the side arms in the calculation low-
ers the mass of the molecule, which might explain the
discrepancy between the calculation and the measure-
ment for the modes below 10 meV, which involve mo-
tions of the whole molecule. Also, the contact geometry
in the measurement is unknown, so any mode involv-
ing a significant distortion of the gold�sulfur bond is
expected to be inaccurate. Like OPV-3, the vibrational
spectrum of OPV-5 is less sensitive to the charge state
and contact geometry than benzenedithiol and the
electron�phonon couplings are smaller (see Figure
7c). As in the case of benzenedithiol and OPV-3, the cal-
culation of OPV-5 predicts the intensity of the excita-
tion lines to be much weaker above 30 meV than be-
low. This is also observed in the measurement. The
intensities gradually increase for energies up to 30 meV,
after which they suddenly drop, a trend also visible in
the electron�phonon couplings. For excitations above
80 meV, the low intensities make a quantative compari-

son between the measurement and the calculation

difficult.

Most of the vibrational modes have

electron�phonon couplings below 0.1 and are not ex-

pected to give rise to extra excitation lines when an-

other vibrational quantum is taken into account. The

modes at 17 and 27 meV, with coupling strengths of 0.6

and 0.7, respectively, are expected to give rise to excita-

tion lines at 34, 51�54, and possiby 81 meV. These

lines are indeed observed in the measurement and the

calculation (see Figure 6).

It should be emphasized that, in Figure 6, all visible

vibrational excitations for both the calculation and the

measurement are shown. Comparing the spectrum to

Raman and IR spectroscopy data reveals a close match,7

but the optical spectra predict many more modes not

observed in the measurement and calculation. The cal-

culation predicts only a handful of visible excitations

out of a total of a 129 vibrational modes under 150 meV.

Our method is thus able to provide what we might call

“selection rules” for vibrational excitations in single-

molecule junctions.

CONCLUSIONS

Our results show that the vibrational spectrum of a

single molecule in a junction is sensitive to the contact

geometry and charge state, although this influence be-

comes smaller for larger molecules. Contrary to Raman

and IR spectroscopy, calculations can take these influ-

ences into account, provide selection rules, and predict

the relative intensity of excitation lines in transport

measurements. Our calculations also show that it is nec-

essary to take more than one vibrational quantum into

account for small molecules, but that due to decreasing

electron�phonon couplings, this becomes less impor-

tant for larger molecules. Finally, our method is compu-

tationally efficient. All Franck�Condon and transport

calculations have been performed on an HP xw9300

workstation, with the largest calculation (over 54 mil-

lion Franck�Condon factors in OPV-3 for 250.000 bias

and gate points) taking just over 4 h.

Figure 7. Dimensionless electron�phonon couplings (�) for the vibrational modes of the neutral charge state at the �1 ¡ 0 transition
for (a) benzenedithiol, (b) OPV-3, and (c) OPV-5. All calculations include two gold atoms on either side of the molecule to simulate the
leads. Analysis of the atomic displacements shows that primarily modes that distort the ��� overlap give rise to a nonzero
electron�phonon coupling.
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METHODS
Rate Equations. Our method to calculate stability diagrams is

based on the rate equation approach, which is generally used in
the sequential tunneling regime.20,21 The central quantity in this
approach is the vector of occupation probabilities Pn, 	, 
 for states
with charge quantum number n, spin quantum number 	, and vi-
brational quantum number 
. These probabilities change by transi-
tions from one state to the other with rates Rn, 	, 
¡n=, 	=, 
=. The
time evolution of the occupation probabilities as a function of
these rates is described by the master equation:

dPn,σ,ν

dt
) ∑

n′,σ′,ν′*n,σ,ν

(Pn′,σ′,ν′Rn′,σ′,ν′fn,σ,ν - Pn,σ,νRn,σ,νfn′,σ′,ν′) (1)

The rates are given by Fermi’s golden rule:

Rn,σ,νfn′,σ′,ν′ )
1
h

|(n′σ′ν′|Ĥ|nσν)|2Fn′,σ′,ν′ (2)

These rates contain contributions from the electronic and
nuclear wave functions. The electronic contributions are
described by the couplings to the leads and the Fermi function,
and the nuclear contributions are described by the
Franck�Condon factors, which we will discuss below.

At low bias, only two charge states are relevant: the initial
state (n, 	=, 
=), where the level in the bias window (see Figure
1b) is unoccupied, and the final state (n�1, 	, 
), where it is oc-
cupied. The rates for these states are13,22

Rn,σ′,ν′fn+1,σ,ν
L ) Fν′ν

ΓL

p
f(En+1,σ,ν - En,σ′,ν′ - e�Vg - eRVb)

Rn,σ′,ν′fn+1,σ,ν
R ) Fν′ν

ΓR

p
f(En+1,σ,ν - En,σ′,ν′ - e�Vg - e(R- 1)Vb)

Rn+1,σ,νfn,σ′,ν′
L ) Fν′ν

ΓL

p
[1 - f(En+1,σ,ν - En,σ′,ν′ - e�Vg - eRVb)]

Rn+1,σ,νfn,σ′,ν′
R ) Fν′ν

ΓR

p
[1 - f(En+1,σ,ν - En,σ′,ν′ - e�Vg - e(1 -R)Vb)]

(3)

where F
=
 are the Franck�Condon factors and f is the Fermi
function. En�1, 	, 
 � En, 	=, 
= is the energy difference between the
initial and final state. This difference is composed of the level
spacing, the charging energy, the vibrational reorganization
energy, and the vibrational energy of the states 
= and 
. For a
single degeneracy point, all but the latter of these terms can be
neglected by choosing a suitable reference point for Vg.

With the rate equations in place, we write eq 1 in matrix-
vector form:

dP
dt

) MP (4)

where P has elements Pn, 	=, 
= and Pn�1, 	, 
. M is the 2N � 2N rate
matrix, where N numbers the vibrational states. Its elements are
given by

Mij ) {-∑ ν)1
N Rn,σ′,ifn+1,σ,ν if i ) j and i, jeN

-∑ ν′)1

N
Rn+1,σ,i-Nfn,σ′,ν′ if i ) j and i, j > N

Rn+1,σ,j-Nfn,σ′,i if ieN and j > N
Rn,σ′,jfn+1,σ,i-N if i > N and jeN
0 otherwise

(5)

To calculate the current, we need the stationary occupation
probabilities, i.e., dP/dt � 0, which can be obtained by
calculating the null space of M, with the condition that all
elements of P are non-negative and �n,	,
Pn, 	, 
 � 1. Once the
stationary occupation probabilities and the rates are known, the
current can be calculated by summing over the total rate

through one of the leads. For the left rate this becomes8,21

I ) e∑
ν′)1

N

∑
ν)1

N

(Pn,σ′,ν′Rn,σ′,ν′fn+1,σ,ν
L - Pn+1,σ,νRn+1,σ,νfn,σ′,ν′

L ) (6)

Franck�Condon Factors. The Franck�Condon factors (F
=
) in
eq 3) are a measure of the probability that a tunneling event
will be accompanied by a vibrational excitation. When an elec-
tron tunnels on or off a molecule, the change in electron den-
sity will shift the equilibrium position of the nuclei and possibly
cause a transition to a different vibrational excited state. The
probability for this to happen is equal to the square of the over-
lap integral of the vibrational wave functions in both charge
states.23 To calculate the overlap integral, the normal coordi-
nates of one charge state have to be expressed in those of the
others. This procedure is known as the Duschinsky
transformation.24,25 This transformation yields the Duschinsky
rotation matrix and a mass-weighted displacement vector k. The
latter can then be used to calculate the dimensionless
electron�phonon couplings i � ki ��i/2�.22,26

Two methods are mainly used for calculating the
Franck�Condon factors from the Duschinsky transformation
and the frequencies. One is the generating function method of
Sharp and Rosenstock;27 the other is the recursion�relation
method of Doktorov et al.28 We have used the latter as imple-
mented in the two-dimensional array method of Ruhoff and
Ratner.29,30 This method returns an N � N array of
Franck�Condon factors, where N � (l

� � l) is the number of per-
mutations of up to l vibrational quanta over � vibrational modes.

Relaxation Rates. Since Franck�Condon factors represent
probabilities, the elements of each row and each column of this
matrix add up to 1 for l ¡ �. Typically, for a large system with
many Franck�Condon factors, there are many factors for which
F
=
 �� 1. This can present numerical difficulties when calculat-
ing the stationary occupation probabilities. The rates are propor-
tional to the Franck�Condon factors, and if all the rates into
and out of a certain level are (very nearly) 0, any occupation of
that level will be stationary, resulting in an infinite number of so-
lutions for the stationary occupation probabilities. There are
two ways to prevent this from happening. The first is to take in-
tramolecular vibrational relaxation into account. We have imple-
mented a simple relaxation model in which a single relaxation
time � is used for all states:20,12

dPn,σ,ν

dt
) ∑

n′,σ′,ν′*n,σ,ν

Pn′,σ′,ν′Rn′,σ′,ν′fn,σ,ν -

Pn,σ,νRn,σ,νfn′,σ′,ν′ -
1
τ(Pn,σ,ν - Pn,σ,ν

eq ∑
ν''

Pn,σ,ν'')(7)

where

Pn,σ,ν
eq )

e - En, σ, ν
kT

∑ ν 'e-
En,σ,ν '

kT

(8)

is the equilibrium population according to the Boltzmann
distribution. This term can be included in the rate matrix by
adding the relaxation matrix:

Mij
R ) 1

τ
×{ Pn,σ′,i

eq - 1 if i ) j and i, jeN

Pn,σ′,i
eq if i * j and i, jeN

Pn+1,σ,i-N
eq - 1 if i ) j and i, j > N

Pn+1,σ,i-N
eq if i * j and i, j > N

0 otherwise

(9)

For sufficiently small relaxation times, the previously mentioned
stationary states will decay to the ground state and there will
be only one solution.
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Iterative Solution. The second approach is to calculate the null
space iteratively by starting from the equilibrium population.
Since both the equilibrium population of higher energy states
and the rates to those states are 0, they will never become popu-
lated and the method will converge to the physically correct so-
lution. This approach has several additional benefits. The rate
matrix for most realistic systems will be sparse, and an iterative
method can make use of this and scale better than a direct
method. Also, the stationary population at neighboring bias
and gate points will be the same unless a new state becomes
available, so by using the previous population as a starting point,
most points will only need a single iteration to converge. We
have implemented a direct method using singular value decom-
position and an iterative method using a Jacobi preconditioned
biconjugate gradient method. The second implementation is
generally several orders of magnitude faster. It turns out that
implementing a combination of both approaches yields a one-
dimensional null space of the rate matrix, even for larger mol-
ecules with several vibrational quanta.
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